ABSTRACT: Delamination growth caused by local buckling of a delaminated group of plies was investigated. Delamination growth was assumed to be governed by the strainenergy release rates G I , G II , and G III . The strain-energy release rates were calculated using a geometrically nonlinear, three-dimensional, finite element analysis. 
Among these are delamination, fiber breakage, and intralaminar cracking. In addition to the failure mechanisms operative under tensile loads, there are mechanisms related to instability, such as fiber microbuckling and buckling of a group of delaminated laminae, which can be important under compression loads. Delamination which is driven by local buckling of a group of laminae is discussed in this report. This mechanism is referred to herein as instability-related delamination growth (IRDG) . The magnitudes of the modes of strain-energy release rates G,, G,I, and Cm are often used to predict when delamination will occur. It is assumed herein that G,, G&dquo;, and Gm are the critical parameters for predicting delamination growth. 1 shows two configurations which exhibit IRDG, laminates with a through-width or an embedded delamination. The through-width delamination has been analyzed using a variety of detailed and approximate stress analyses [1] [2] [3] [4] [5] [6] . Experimental measurements of IRDG have been published for static loads [6] [7] [8] [9] and fatigue loads [1, 3, 7, 8] . The through-width delamination is perhaps the simplest configuration that exhibits IRDG. Hence, it provides a convenient vehicle for evaluating various ideas about testing and analysis.
The embedded-delamination configuration has also been studied both analytically [10] [11] [12] [13] [14] [15] and experimentally [7, 12, [16] [17] [18] . To [14] , only average total strain-energy release rates along the delamination front have been presented. In [14] , the distribution of total strain-energy release rate was calculated. A geometrically nonlinear, three-dimensional, finite element analysis (or some other numerical technique) is required to calculate the individual modes of strain-energy relase rate. However, three-dimensional finite element analysis tends to be very expensive. Since nonlinear analysis requires iteration, it is even more expensive. This expense probably explains the lack of detailed analysis for this configuration in the literature. However, until detailed analyses are performed, the accuracy of approximate analyses cannot be assessed.
There are two objectives to this paper. The first is to describe the threedimensional, geometrically nonlinear, finite element program which was developed for this study. The program is named NONLIN3D. The second objective is to show the effect of several parameters on the magnitude and distribution of the strain-energy release rates. The parameters considered were delamination shape, delamination size, and strain level. After the discussion of NONLIN3D, the mesh generation and the finite element models are discussed. The material properties are also described.
Governing Nonlinear Equations
The derivation of the equilibrium equations and the expressions for the internally generated nodal forces and the tangent stiffness matrix are discussed in this subsection. The strain-displacement relations are also discussed. Equation (2) is nonlinear because of the nonlinear strain-displacement relations. The integral in Equation (2) gives the magnitude of the internally generated nodal forces corresponding to the current displacements. Until a converged solution is obtained, the internally generated forces to not equal the externally applied forces. The differences in the forces, referred to as residuals, equal 8H /8q°. The Newton-Raphson procedure that was used to solve Equation (2) [20] . In addition to reducing computer memory requirements, substructuring allows the structure to be modeled as a combination of linear and nonlinear components. For the configurations studied herein (Figure 1 For the configuration analyzed, the delamination front is within the linear substructure. Hence, further work is required even after obtaining a converged solution for the nonlinear substructure. After obtaining a converged solution, the displacements for the interface nodes are known. These displacements fully account for the effect of the nonlinear substructure on the linear substructure. That is, the displacements in the linear substructure can be determined as though there was no other substructure, except that the magnitudes of the displacements at the interface nodes are specified. To reduce the computer resource requirements, it is usually advantageous to obtain multiple solutions for the nonlinear substructure and then obtain multiple solutions for the linear substructure.
Strain-Energy Release Rate Calculation
The well-known virtual crack closure technique [21] served as the basis of the strain-energy release rate calculation. This procedure determines G,, G,,,, and Gm from the energy required to close the delamination over a short distance Aa. The closure energy involves products of delamination front nodal forces and relative displacements behind the delamination front. The delamination front Figure 4 is an outline of the procedure used for mesh generation. This procedure is based on the procedure in [22] . A two-dimensional model is swept through a 90° arc to generate a cylindrical 3-D mesh. The outer part of the cylindrical mesh is then transformed to obtain a square boundary. Then an elliptical transformation is applied to obtain an elliptical delamination front. If the ellipse is longer in the y-direction than in the x-direction (i.e., b > a), the conformal transformation is If a > b, the transformation is the same except that x and y are interchanged. To avoid a singularity in Equation (7) , nodes at zero radius were shifted to lie on an arc of very small radius, about 10-9 m.
The transformation in Equation (7) maintains the orthogonality of lines which were orthogonal in the modified cylindrical mesh (Figure 4) . This orthogonality at the delamination front simplifies the pairing of nodal forces and relative displacements in the strain-energy release-rate calculation.
A peculiarity of the transformation in Equation (7) is the unusually close spacing of the elements close to the delamination front on the long axis of the ellipse. Figures 5(a) and 5(b) show the mesh before and after the transformation. Also, there appears to be a triangular element in Figure 5 (c). This element has two sides which are essentially colinear. A modified transformation which results in more even mesh refinement is obtained by introducing a scale factor for the &dquo;stretching&dquo; as follows: By making the parameter r a little less than the radius of the delamination front in the cylindrical mesh, orthogonality is maintained in the neighborhood of the delamination front during the elliptical transformation.
After the elliptical transformation, the midside nodes are no longer at the middle of an element edge. Therefore, the coordinates of the midside nodes are recalculated as the average of the coordinates of the adjacent corner nodes. Along the boundary x = W, all u displacements are specified to equal WEx, where Ex is the specified compressive axial strain. To initiate transverse deflections, a transverse load was applied at the center of the delaminated region. After a converged solution was obtained, the load was removed, and solutions were obtained with only compression loading.. Figure 7 shows a typical model after division into substructures. Most of the postbuckled region is included in the nonlinear substructure. The distance between the delamination front and the beginning of the nonlinear substructure was I, In all cases, f was approximately equal to the sublaminate thickness h. To check the validity of the substructuring, a crude model was analyzed with and without substructuring. The strain-energy release rates were negligibly different.
For all the cases considered, the sublaminate thickness h and base laminate thickness H were 0.4 and 4 mm, respectively.
Material Properties
The objective of this paper is to consider only the effect of geometric parameters on G,, G~, and GIII. Consequently, material properties were chosen to mini- mize the effect of material properties on the variations in G~, G/I, and Gm. For quasi-isotropic laminates, the in-plane stiffness is independent of the orientation in the xy plane. However, even for quasi-isotropic laminates, the flexural stiffness varies with orientation. Hence, even if the postbuckled region consisted of a quasi-isotropic group of plies, variations would be expected in the strain-energy release rate along the delamination front solely because of the variation in flexural stiffness. Also, the properties of the plies on either side of the delamination would be expected to at least affect the percentages of G,, G~, and Gm.
The simplified material properties chosen for this study are those for a &dquo;homogeneous quasi-isotropic laminate&dquo; throughout the entire specimen ( 8(a) compares the deflection at the center obtained from the closed-form solution with that of NONLIN3D. The agreement between the two analyses is excellent in the linear and initial nonlinear regions. There is a 10-percent difference in the two curves at the highest load level considered. This difference is not surprising, since the closed-form analysis is not exact for large deflections.
The closed-form solution in [24] can be used to calculate the total strain-energy release rate. Because the configuration is axisymmetric, GT is constant around the boundary. The strain-energy release rate is &horbar;(3~//t)a)/(2Tra). The Equation (12) yields An expression for GT is obtained by differentiating Equation (13) with respect to a and dividing by the circumference as follows:
Figure 8(b) shows GT plotted against load. Results are shown for the linear closed-form solution [Equation (14) without the fourth-order wo term], the nonlinear closed-form solution [Equation (14) The material properties were those for the homogeneous quasi-isotropic laminate described previously. Figure 9 shows the extremes of refinement used for the 2-D meshes. The elements in the coarse mesh were subdivided to obtain the refined mesh. For the coarse mesh, only two elements were used to model most of the buckled region. As described previously, the 2-D meshes were swept through a 90° arc to generate the 3-D meshes. Figure 10 shows four of the meshes generated. As shown in the figure, the number of slices of elements was also varied. Since strain-energy release rates were of primary importance, variations in G~, G~, and Gm were used to determine the adequacy of the mesh refinement. Figure  11 shows the distribution of G, and GI, along the delamination front for three strain levels and four models (models 1, 3, 4, and 6). Only symbols are shown for the crudest mesh, model 3. These meshes bracket the entire range of refinement in Table 1 To determine what is a negligible residual, three residual tolerances were considered : 1000 N, 1 N, and 0.0001 N. A laminate with a 30 X 60 mm delamination was analyzed for five strain levels. The range of strains was such that the maximum lateral deflection for the buckled region varied from about 0.6 to 2.2 times the thickness of the buckled region. The tolerance of 1000 N gave erroneous results. The other two tolerances gave virtually identical results except for the percent. Figure 12 shows G, and Gn for Ex = -0.001 (i.e., the worst case). 
Parametric Study
The parameters considered were strain level, delamination shape, and delamination size. First, the deformation of the postbuckled region is discussed. Then the calculated strain-energy release rates are presented. Figure 13 shows lateral displacement in the middle of the delaminated region plotted against axial strain for two circular and two elliptical delaminations. The dimensions of the delaminations are shown in the figure. The curves indicate that when the buckling load is exceeded, the displacement increases rapidly at first with increased strain. Then the rate of increase in displacement decreases. Obviously, the response is quite nonlinear. Figure 14 shows deformed finite element meshes for a circular and an elliptical delamination. The displacements have been multiplied by 10 to improve visualization. The deformed shape is relatively simple except near the delamination front. For both cases, the delamination front is open near the y-axis. However, for the circular delamination, the delamination faces actually overlap near the x-axis (i.e., near the y = 0 plane). Even at strains smaller and larger than those shown, the circular delamination exhibited overlapping. For the elliptical delamination, &dquo;small&dquo; strains result in opening of the delamination along the entire length. At larger strains (not shown), the elliptical delamination also exhibited overlapping. Strictly speaking, constraints should be added to prevent overlapping of the delamination faces. However, including constraints to prevent overlapping further complicates an already complicated stress analysis problem. Consequently, no contact constraints were added for any of the results presented in this paper. In the results that follow (Figures 15 to 17) , dashed lines are used for the G, and GII distribution curves in regions where overlap occurred. Figure 15 shows the G, and Gn distributions for a circular delamination for five strain levels. This is the same configuration used for the convergence study. The Gm distribution was essentially zero for this and all other cases considered in this study. In general, Gm would not necessarily be expected to be zero. The strainenergy release rates are plotted in Figure 15 using the perimeter coordinate S. This coordinate is zero where the delamination front meets the y-axis and is maximum where the delamination front meets the x-axis. Both G, and GII show large variations along the front and are largest at S = 0. There is overlapping of the delamination surfaces over a large portion of the front, as indicated in Figure  15(a) . Although G, is larger than GII for the five strain levels, the difference is not large; this is definitely a mixed-mode situation. Since both G, and GII are largest at S = 0, delamination growth would be expected to occur preferentially perpendicular to the load direction, that is, in the y-direction.
Since a circular delamination is expected to become elongated perpendicular to the load direction, a 30 x 60 mm elliptical delamination was analyzed. Figure  16 shows the distribution of G,, GI,, and GT for this elliptical delamination. There is a large variation of both G, and GII along the front. Note that the location of the G,, peak shifts slightly with strain level. In contrast to the circular delamination, the peak values of G, and GII occur at different locations. Also, the peak value of GI, is larger than the peak value of G,,, except for the case Ex = -0.005. The total strain-energy release rate [ Figure 16( 17(a) show that the larger delamination is closed (actually overlapping) over more of the delamination front. Also, the distribution in the overlapping region is more complicated for the larger delamination. This is because the strains for the larger delamination are larger multiples of the bifurcation buckling strain. This conclusion was verified by subjecting the smaller delamination to higher strains. (These results are not presented in this report.) The larger delamination has a much larger G, for the region near S = 0. Figures 15(b) and 17(b) show that GII is also larger for the larger delamination near S = 0. Hence, unstable extension of the delamination might be expected once it begins to grow. However, based on the calculated strain-energy release rates, a circular delamination is not expected to grow self-similarly into a large circular delamination. It 
